We discuss the existence of fixed points of asymptotic pointwise mappings in metric spaces. This is the nonlinear version of some known results proved in Banach spaces. We also discuss the case of multivalued mappings.
Introduction
The notion of asymptotic pointwise mappings was introduced in [13, 14, 15] . The use of ultrapower technique was useful in proving some related fixed point results. In a recent paper [15] , the authors gave simple and elementary proofs for the existence of fixed point theorems for asymptotic pointwise mappings without the use of ultrapowers. In this paper, we extend most of their results to metric spaces. In particular we consider the case of CAT(0) as an example of uniform convex metric spaces. In this work, we show how weak-compactness in Banach spaces is extended to metric spaces.
For more on metric fixed point theory, the reader may consult the book [12] .
Basic Definitions and Results
First let us start by making some basic definitions.
Definition 1. Let (M, d) be a metric space. A mapping T : M → M is called a pointwise contraction if there exists a mapping α : M → [0, 1) such that d(T (x), T (y)) ≤ α(x)d(x, y) for any y ∈ M.
It is clear that pointwise contractive behavior was introduced to extend the contractive behavior in Banach contraction principle. The central fixed point result for such mappings is the following theorem Theorem 2.1. ( [13, 14] ). Let K be a weakly compact convex subset of a Banach space and suppose T : K → K is a pointwise contraction. Then T has a unique fixed point, x 0 . Moreover the orbit {T n (x)} converges to x 0 , for each x ∈ M .
Note that if T is a pointwise contraction, then it is continuous. Moreover if α(x) = 0 for some x ∈ M , then T is a constant map. Since the main focus of this paper is about the fixed point problem, it is easy to prove that a pointwise contraction T : M → M has at most one fixed point, and if a is its fixed point, then the orbit {T n (x)} converges to a, for each x ∈ M . Indeed, we have
for any x ∈ M . The above conclusion follows because α(a) < 1. It is not clear how to prove the existence of the fixed point from the convergence of the orbits which is the case in the classical proof given to the Banach contraction principle.
Definition 2. Let (M, d) be a metric space. A mapping T : M → M is called an asymptotic pointwise mapping if there exists a sequence of mappings α
n : M → [0, ∞) such that d(T n (x), T n (y)) ≤ α n (x)d(x, y) for any y ∈ M. (i) If {α n } converges pointwise to α : M → [0, 1), then T is called an asymp- totic pointwise contraction. (ii) If lim sup n→∞ α n (x) ≤ 1, then T is called asymptotic pointwise nonexpansive. (ii) If lim sup n→∞ α n (x) ≤ k, with 0 < k < 1, then T is called strongly asymptotic pointwise contraction.
Pointwise Contractions in Metric Spaces
Let M be a metric space and F a family of subsets of M . Then we say that F defines a convexity structure on M if it contains the closed balls and is stable by intersection. For instance A(M ), the class of the admissible subsets of M , defines a convexity structure on any metric space M . Recall that a subset of M is admissible if it is a nonempty intersection of closed balls.
At this point we introduce some notation which will be used throughout the remainder of this work. For a subset A of a metric space M, set: 
The main result of [13, 14] may be stated in metric spaces as follows 
Since T is pointwise contraction, there exists a mapping
In particular, we have then
Clearly K a is not empty. Moreover we have
And since α(a) < 1, we get diam(K) = 0, i.e. K is reduced to one point which is fixed by T . Hence the fixed point set of T is not empty. The remaining conclusion of the theorem follows from the general properties of pointwise contractions.
It is well known [2, 7] that if M is hyperconvex, then A(M ) is compact, hence we obtain:
Asymptotically Pointwise Contractions
Let M be a metric space and F a convexity structure. We will say that a function Φ :
we define a type to be a function Φ :
where (x n ) is a bounded sequence in M . Types are very useful in the study of the geometry of Banach spaces and the existence of fixed point of mappings. We will say that a convexity structure F on M is T-stable if types are F-convex. We have the following lemma. 
The proof is easy and will be omitted. Proof. First note that T has at most one fixed point. Indeed, let a, b ∈ M be two fixed points of T . Then we have
If we let n go to infinity, we get d(a, b) ≤ kd(a, b) for some k ∈ (0, 1). This will force d(a, b) = 0. Next let x ∈ M and define the type
Let ω ∈ Ω(x). Then we have
If we let n go to infinity, we get
Next we let h go to infinity to get
for some k ∈ (0, 1), which easily implies that lim sup
Indeed let u ∈ M , then for any ε > 0, then there exists n 0 ≥ 1 such that for any
In particular we have T n (x) ∈ B(u, Φ(u) + ε), for any n ≥ n 0 . So
which implies ω ∈ B(u, Φ(u) + ε). This is true for any ε > 0. Hence for any
Therefore we have Φ(ω) = 0 which implies that {T n (x)} converges to ω. This will force ω to be a fixed point of T . Since we already noticed that T has at most one fixed point, then T has a fixed point x 0 and any orbit converges to x 0 . If M is hyperconvex, then A(M ) is compact, hence we obtain: Next we relax the strong behavior of T but assume that types are convex to obtain the following result Proof. Similarly one can easily show that T has at most one fixed point. As we did in the proof of the previous result, let x ∈ M and define the type
Since F is compact and T-stable, then there exists
Let us show that Φ(x 0 ) = 0. Indeed we have
for any n, m ≥ 1. If we let n go to infinity, we get
If we let m go to infinity, we get Φ(x 0 ) ≤ α(x 0 )Φ(x 0 ). Since α(x 0 ) < 1, we get Φ(x 0 ) = 0, which implies that {T n (x)} converges to x 0 . This will force x 0 to be a fixed point of T . Since we already noticed that T has at most one fixed point, then T has a fixed point x 0 and any orbit converges to x 0 .
Asymptotic Pointwise Nonexpansive mappings
We should note that any result on asymptotic pointwise nonexpanisve mappings in metric spaces should extend what is known on asymptotic nonexpansive mappings in metric spaces. Unfortunately only a partial result in hyperconvex metric spaces is known (see [11] ). Here we extend the result found in [15] in uniformly Banach spaces to CAT(0) metric spaces. Indeed these metric spaces offer a nice example of uniformly convex metric spaces. It is not clear that the main inequality used in [15] satisfied in uniformly convex Banach spaces has a similar one in uniformly convex metric spaces.
A metric space (X, d) is said to be a length space if each two points of X are joined by a rectifiable path (that is, a path of finite length) and the distance between any two points of X is taken to be the infimum of the lengths of all rectifiable paths joining them. In this case, d is said to be a length metric (otherwise known an inner metric or intrinsic metric). In case no rectifiable path joins two points of the space the distance between them is said to be ∞.
A geodesic path joining x ∈ X to y ∈ X (or, more briefly, a geodesic from x to , which we will denote by y 1 ⊕ y 2 2 , then the
because equality holds in the Euclidean metric. In fact (see [3] , p.
163), a geodesic metric space is a CAT (0) space if and only if it satisfies inequality (1) (which is known as the CN inequality of Bruhat and Tits [4]). Moreover if M is a CAT(0)
metric space and x, y ∈ M , then for any α ∈ [0, 1] there exists a unique point
Let M be a complete CAT(0) space. A subset C ⊂ M is convex if for any
x, y ∈ C we have [x, y] ⊂ C. Denote by C(M ) the family of all closed convex subsets of M . Then C(M ) defines a convexity structure which is compact and uniformly normal [6] . Note that any type function is convex, i.e. C(M ) is Tconvex. This follows easily from the inequality (2). A direct implication of these properties is that any type function achieves its infinimum, i.e. for any bounded sequence {x n } in a CAT(0) space M , there exists ω ∈ M such that Proof. As before, let x ∈ C and define the type
Let ω ∈ C such that Φ(ω) = inf{Φ(u); u ∈ C} = Φ 0 . We have seen that
Since T is pointwise asymptotic nonexpansive, we get lim sup
is not empty. Again since T is continuous, F ix(T ) is closed. In order to prove that F ix(T ) is convex, it is enough to prove that
and
for any n ≥ 1. Since T is pointwise asymptotic nonexpansive, we get lim
If U ,V are bounded subsets of a metric space X, let H denote the Hausdorff metric defined as usual by
where N ε (V ) = {y ∈ X : d(y, V ) < ε}. Let E be a subset of a metric space X. A mapping T : E → 2 X with nonempty bounded values is nonexpansive provided
Then t and T are said to be commuting mappings if t(y) ∈ T (t(x)) ∩ E for all y ∈ T (x) ∩ E and for all x ∈ E. A point z ∈ X is called a center [8] for a mapping t :
The set Z(t) denotes the set of all centers of the mapping t.
As an application of our Theorem 5.1 we obtain: 
Proof. By Theorem 5.1, a pointwise asymptotically nonexpansive self-mapping t of a bounded closed convex subset has a nonempty fixed point set A which is a closed convex subset of M . Since t and T commute, t(y) ∈ T (t(x)) = T (x) for y ∈ T (x) and x ∈ A, and therefore, T (x) is invariant under t for each x ∈ A. Since T (x) is a closed bounded convex subset of a CAT (0) space, t has a fixed point in T (x) and T (x) ∩ A = ∅ for x ∈ A. Now consider the mapping T (.) ∩ A : A → compact convex subsets of A. We claim that this mapping is 
∅ = T (x) ∩ F ix(t) ⊂ Z(t), f or all x ∈ F ix(t)
then there is z ∈ C such that z = t(z) ∈ T (z).
A close look at the above proof suggests that a pointwise asymptotic mapping in CAT(0) metric space is may be demi-closed as it was noticed by Göhde [9] for nonexpanisve mapping in uniformly Banach spaces. Before we state the next and final result of this work, we need the following notation 
